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ABSTRACT

The viscous characteristic ana]ySis for supersonic chemically reacting flows
as reported in NASA CR 111783, has been extended to include provisions for
analyzing embedded subsonic regions. This report describes the numerical
method developed to analyze this mixed subsonic-supersonic flow fields. A
discussion of the boundary conditions related to the supersonic-subsonic

and subsonic-supersonic transition as well as a heuristic description of
several other numerical schemes for analyzing this prbb]em is included. An
analysis of shock waves generated either by pressure mismatch between the
injected fluid and surrounding flow or by chemical heat release is described.
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LIST OF SYMBOLS

Cp*/Cpm_specifiF heat

0 for two dimensional flow,
1 for axisymmetric flow

reference length
Lewis number
Mach number

molecular weight of ith specie.

distance normal to streamline

P*/p.u 2 pressure

Prandt]l number

q*/uw velocity

mixture gas constant *
free stream Reynolds number "
universal gas constant -
forcing function terms

T*/Too temperature

average molecular weight of mixture
chemical productfon terms

x*/L* axial distance

y*/L*’radia1 distance

mass fraction of ith specie

ratio of specific heats

flow inclination relative to axis:

v
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LIST OF SYMBOLS {Continued)

p = p*/pOo density

W = Mgﬁh angle

u = viscosity

Y = stream function

* = dimensional variables

% = free stream conditions (dimensiona])

f = frozen state -
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I. INTROBUCTION

One of the interesting phenomena produced by combustion in a supersonic flow
is the possibility of producing transition from supersonic to subsonic flow
due to the heat addition. This transition has been analyzed in the past for
the case of one dimensional flow, however, a more complex flow field is usu-
ally generated in a supersonic combustion process controlled by mixing. In
the flame zone of this flow, where the static temperature of the gas in-
creases, the Jocal Mach number can decrease, even if the static pressure de-
creases, because the value of the local speed of sound increases. Therefore,
a transition from supersonic to subsonic flow can take place in a localized
region of the flow where the pressure changes slowly and the region can be
completely surrounded by supersonic flow.

The transition from subsonic to supersonic flow can occur through several
mechanisms; when the flow surrounding the subsonic region is cooler than the
flow in this régiqn {because combustion takes place only in a limited region

of ‘the flow), then, because of mixing of the combusted gases with the surround-
. ing air, the temperature of the gas in thesubsonic region gradually decreases
~and the flow can become supersonic without pressure variation, or even with a
small static pressure raise. The second possibility is that the stagnation
temperature remains roughly constant but the pressure decreases, the flow
accelerates and again becomes supersonic. The subsonic flow field region is
essentially the opposite of the classical transonic region about airfoils,
where the flow becomes Tocally supersonic, because the pressure decreases and
then again becomes subsonic downstream, usually through a shock, and a Tocal-
ized region of supersonic flow is embedded in a subsonic stream. Extensive
discussions on the existence of transonic flows without shocks have taken

place in the past for this type of fiow. It is now well recognized that smooth
solutions (without shocks) are special solutions of this transonic problem and
require special boundary conditions. '

The possibility of transition from supersonic to subsonic flow due to com-
bustion has been recognized in the past. In Reference (1) this possibility
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was discussed qualitatively and some of the important aspects of the presence
of such subsonic regions were described, however, a detailed treatment of
this problem is still lacking. A quantitative understanding of the physical
aspects of such a transition are of primary importance for the development of
a practical scramjet engine, in view of the fact that the efficiency of the
engine, at flight Mach numbers of the order of 6 to 8, depends strongly on
the value of the static pressure and local Mach number at which the heat ad-
dition takes place. High efficiency and high specific impulse requires a

low Tocal Mach number where heat is released due to chemical reaction. If
the Mach number before combustion is low, during the combustion process sub-
sonic regions are formed, even if the pressure locally does not change be-
cause of the increase of the local speed of sound. In addition, the scram-
jet must be able to operate at lower flight Mach number than design. For
these conditions, large regions of the burner have subﬁonic flow.

ATL has developed for NASA in the past, methods where the flow fields:.of =@
supersonic streams with chemical reactions can be analyzed (Reference 2).

Such numerical methods permit analyzing the flow between discontinufties,
provided that the entire flow remains supersonic, in view of the fact that

‘such a method uses "viscous characteristics" as first described in References
(3) and (4). In the present phase of the work, a numerical method capable of
determining the formation of combustion shocks has been developed. In addition,
the possibility of numerically determining the region of transition from
supersonic to subsonic flow, and then subsonic to supersonic as can occur

in the flame has been investigated.

The numerical investigation of a transonic problem, as described requires the
development of a numerical scheme, valid in the transonic region, that can be
coupled with the "viscous characteristic program". In addition, it réquires

a clear understanding of appropriate boundary conditions for the subsonic
regions. A problem similar to the problem related to the existence of smooth
subsonic-supersonic transition over a two dimensional profile near M=1, exists
for this flow; therefore, the first step in this effort is to genérate a clear
understanding of the boundary conditions related to the transition problem.
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II. BOUNDARY CONDITIONS RELATED TO THE TRANSITION FROM SUBSONIC TO
SUPERSONIC FLOW AND FROM SUPERSONIC TO SUBSONIC FLOW

In the combustor of a scramjet engine, the flow downstream of the burner is
supersonic, and the flow reaching the burner is also supersonic, therefore,
any subsonic region generated locally by combustion is contained between

these two supersonic regions. Consider first the case in which the subsonic
region is completely imbedded in a supersonic stream, as shown in Figurer(l)‘

s L L L L L L

HIGH TEMPERATURE

¥ Ml REGION
2 S
L0
AIR —™ M>1
SHOCK
h FIGURE 1.

The hydrogen from the injector mixes with the air outside and combustion
takes place; the pressure rises because of the decrease in density of the
stream due to combustion; the speed of sound increases, and in this high
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temperature region the flow can become subsonic. Since the duct in which
burning occurs diverges and the downstream pressure is much lower than the
pressure at the injector face, the flow must again cross a sonic line.

If the temperature in the high temperature zone is higher than the average
temperature after combustion {case of ¢<1), the flow outside the high tem-
perature region will remain supersonic. Therefore, the shape of the sonic
line is as shown in Figures(l) and (2). The static pressure distribution
between A and B does not uniquely define the flow and the line M=1 is not

a line of constant static pressure temperature. and velocity as in the case
of the wing, because the stagnation temperature changes from point to
point. Hence, several different pressure distributions are possible de-
pending on the amount of diffusion and chemical reaction taking place be-
tween A and B. The pressure can first increase and then decrease, can
remain approximately constant, can continuously decrease, or can slowly in-
crease. In this last case, the variation of the#speed of sound due to dif-
fusion must be larger than in the other cases.

SONIC LINE

/

M>I A M<I B M>1

FIGURE 2.
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It is not clear § priori, if the presence of a closed sonic line in the
flow, as shown in Figure (2) is physically possible. The boundary conditions
required in order to obtain such smooth conditions must be investigated first.

In order to understand the physics of the problem it is convenient to analyze
the prob]ém in two steps. The first step is related to the transition from
subsonic to supersonic velocity. Then we can transform the problem in such

a way that the properties of the subsonic region can be controlled indepen-
dently of the supersonic region, as shown in Figure (3). We assume that

flow 1 can be controlled independently of flow 2 and ihat flow 'l is ini-
tially subsonic. |

hﬂl*ﬁl

FIGURE 3.
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The simplest case of such a flow occurs when stream 1 is uniform and initially
subsonic (one dimensional) at the exit of the jet and stream 2 is supersonic.
If we neglect transport properties and assume both flows to be inviscid, the
flow properties as specified along the line, AC yield a unique relation be-
tween the pressure and the angle of the streamliine AB, where CB is a charac-
teristic line emenating from C. The unique relation between p and 6 cor-
responds to a unique relation between p(x) and y(x) since

X
y=5tanedx
]

A similar relation can be determined for streamline AB. For example, if

we assume that the pressure in region 1 is independent of y (one dimensicnal’
flow), we have a simple relation between y and p given by the continuity
equation. Thus, a step by step calculation can be performed where at each
step Ax between A and B, the variation Ap in the step can be assumed as a
parameter and a single calculation can be performed (Figuré 4). The equa-

AX

FIGURE 4.
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tion of characteristics applied along Cb yields a relation between Py and’
Sbo

For a two dimensional flow

2 (pb-pé) (5 - éc)' - 0

Y (pb+pc) _ COSU.SiNu

where

tanu= %- (ténub ¥,tanuc)

Then, for a given value of aAp (i.e., pb-pa), pp Ts given and 8, is calcula-
ted. Then, Ay is determined from

1
5 (tanea + taneb) AX

The one dimensional relation yields

1/2
i 1
P, v\ 1/2
1/¥ - (52’
¥b . (Pay i e
Ya Pb : =
- pb Y
p0

where Po is the stagnation pressure of stream 1.

Only one value of &p satisfies Equations (1), (2) and (3). Then, the varia-
tion of y as a function of x can be obtained. However, in the region where
M1 becomes equal to one gi- = 0. Then,a solution can not be found un-
less 8 »~ 0 and %%—tends to zg;% for the external flow in the region where
M1 + 1. [If this does not occur, we have a “choking" condition and the ini-
tial subsonic flow distribution assumed in Figure (3) is not physical.

(2)

(3)
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A "choking" condition ban be found independently of the approkimation used

in the analysis of the subsonic flow. The physics of the simple case shown

in Figure (3) is clear. The pressure at station A has been assumed arbi-
trarily. If choking occurs, this implies that an incorrect value of the
pressure at A has been assumed. If we change the value of M; at A and,
therefore, the corresponding value of Pas the shape of the streamline AB
changes. If the value of 8 of the streamline AB at the choking point is
negative, then the mass flow of stream 1 must be decreased; hence Pa for

a given Py Must increase. This change tends to increase the value of 8 at

the choking region. Therefore, by an jterative process the value of PA

that gives a physical solution can be determined. The problem is sub-
stantially more complex if flow 1 is not assumed to be one dimensional,

and transport properties and chemistry are included in the analysis, as

will be discussed later on. However, the controlling mechanism is the same.
For any given initial flow distribution in the supersonic region, and given
stagnation conditions and channel shape of the subsonic flow, a single solu-
tion can always be found that permits the subsonic flow to cross the M=1 line,
which corresponds to a given value of the static pressure at A. Therefore,
the correct boundary conditions for the problem requires a selection of the
pressure at A that avoids "choking", and the assumption that the downstream
pressure is sufficiently low. Then the initial flow properties along AC

and the geometry defines the problem, ‘

. . /

Let us now consider the case depicted in Figures (1) and (2). In this case
the flow is initially supersonic, therefore, the flow field in front of the
sonic line is completely determined by the initial conditions. In Figure

(5) the flow along the liné a is given. Then, the flow along line b is
uniquely determined.  If the flow becomes subsonic due to chemical reaction,
the flow properties along the sonic line S are completely determined; therefore,
only one solution can be found that gives a smooth transition from supersonic to
subsonic flow and a unique flow can be determined along line S where M=1 hav-
ing an embedded smooth subsonic region. Hence, the possibility of chang-

ing a parameter, equivalent to changing the value of the pressure py of Figure
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SONIC"
LINE

FIGURE 5.

(3),(‘1'n the case that choking occurs because of t'he downstream conditions)
is not available for this flow. However, if downstream, the flow Mach num-
ber tends to increase and the subsonic region tends to decrease, then the
sonic line crosses all the streamlines and closes as shown in Figure (6),

SONIC
LINE

- FIGURE 6.
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Therefore, the possibility of having the choking condition described be-— -
fore, still exists. For some conditions, the flow cannot undergo transition
from subsonic to supersonic because the flow is choked; therefore, some medi-
fications must be introduced upstream to change the initial conditons of the
subsonic flow. The only existing mechanism for this adjustment is the forma-
tion of a shock. The choking condition produces a disturbance that moves up-
stream of the sonic Tine (Figure 7) forming a shock. The transition from

supersonic to subsonic then occurs by means of this discontinuity as shown in
Figure (7). ' '

The position and shape of the shock depends on the choking conditions, which
are dependent on the flow properties along AB. Then, in the general case,
for any given flow distribution along AB, the transition from supersonic to
subsonic occurs through a strong shock (subsonic flow behind), the position
of this shock being highly dependent on the flow properties in the super-
sonic region outside the choking region (region CC of Figure 7).

Similarly to the transonic case, a smooth transition can exist for specially
selected boundary conditions and can be calculated by specifying only a part
of the flow properties along the initial station AB, for example, along AD
of Figure {7). Then, the flow properties along DB can be determined by an
inverse process where the transonic region CC is determined first and the.
region DCCB is determined later on.

The determination of the shock cannot be obtained by a direct (marching)
calculation as it depends on the downstream flow conditions; it should be
obtained by a procedure similar to that used for transonic flow analysis.
The procedure that appears the most feasible for this problem is an itera-
tion procedure where a smooth transition from supersonic to subsonic is
assumed first and a "choking" error is determined at the subsonic to super-
sonic transition in terms of the amount of mass flow that cannot cross the
region of M=1. Then,a shock position, s, is assumed ahead of the first
transition. This position, s, defines a new flow field . Such a flow
field defines a new error associated with choking at the second transition.
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The error obtained is smaller than the previous error. A program that can
perform this type of analysis and perform these jterations can be developed,
however, it is not part of this effort. The effort supported by NASA in the
mentioned contract is limited to the development of a program that analyzes
only the inverse problem. This analysis is described in detail in the follow-

ing sections.
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III. GOVERNING EQUATIONS

The analysis developed for calculating the subsonic region of the flow must
be consistent with the “viscous characteristic" method employed in the
supersonic region and must be capable of analyzing a viscous, reacting flow
with both lateral and transverse pressure gradients. The pressure p and
flow inclination e have been selected as independent variables since the
equations written in terms of p and 6 do not explicitly contain the entropy
as a flow variable, which can have extremely large gradients in the combus-
tion region. Use of equations written in terms of velotity components,
could lead to numerical difficulties regarding mesh size in the combustion
zone since the entropy gradients would have to be evaluated by means of
finite difference formulas.

THe'Qoverning equations are the well known "viscous-inviscid" equations em-
ployed in higher order boundary layer and viscous flow field analyses
{(References 5 and 6) with the finite rate chemistry terms included. The

- equations are as follows:

Global Continuity:

M a_e_ 3 gﬂ.g. 7 = | ’
TR y sine 0 o (4)
(J=0 for two dimensional fow and J=1 for axisymmetric flow)

S-Momentum:

J
an y an 1 ()

N-Momentum:

0a” 3%+ B = 0 o (6)
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Energy:
C pq.a_T._q 3 :.__._.__1._.7
P28 Re{y_-1)M%
' G, , ; C oy ul ' dct .
3 pal J p 3T, el 1
[an e an Ty S 8w TPy an ” Cpi an (7)

L
1
N
=.
—
=
ry
n
wy
()
]
[y ]
-3
il
o )
s

b (y_-1)M /4(%%)

Species Conservation:

0., L 90, L a
i 13, A% J e i
pq_s——ﬁ[an ran +yPrc°58u3n} (8)
, : 8
W= Sy
i
State: '
prT ‘
p = 5 (9)
where -1
%4
W= Ea—

These equations are written in an intrinsic coordinate system with s along
and n normal to the streamlines. We have assumed that transport effects
are produced only by gradients normal to streamlines.
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Iv. HEURISTIC DESCRIPTION OF SEVERAL NUMERICALESCHEMES FOR ANALYZING .
SUBSONIC ZONES )

A marching technique (as described in Section II) may be developed using a
one dimensional approximation for the subsonic stream. Such an analysis

is described in Reference (7) for analyzing supersonic air-ejector flow
fields. In using a two dimensional description of the subsonic stream,.
the mathematical nature of the problem changes. In this representation,
the normal momentum is introduced, an equation not accounted for in the

one dimensional approximation. The governing flow equations in the super-
sonic region of the flow field are hyperbolic-parabolic in nature and hence
may be solved by a marching technique; but, in the subsonic portion of the
flow field, the flow equations are elliptic. This situation presents
significant difficulties in attempting to analyze viscous, combusting flow
fields, since both mixing and chemistry are analyzed numerically by marching
along the flow streamlines.

While a marching scheme for an elliptic system yields an improperly posed
problem mathematically, it has provided solutions of the inverse blunt body
problem. Hence, a marching type numerical method was envisioned as a pos-
sible approach to the solution of this problem. Regarding such a numerical
approach, (Reference %), "fundamental questions arise with respect to the
uniqueness and existence of a solution and with respect to stability and con-
vergence of calculated procedures." Then, the possibility of chtaining
physical solutions to elliptic problems by a marching scheme is highly de-
pendent on the scheme utilized.

A marching scheme was developed employing the governing equations in finite
difference and using the numerical scheme described in Appendix I. This

scheme for analyzing the subsonic region was incorporated into the "viscous-
characteristic" program and test cases were performed to analyze mixed subsonic-
supersonic flow fields. Both “direct" problems (where an upper subsonic

boundary shape was iterated upon to yield a lower subsonic boundary that
satisfies either a wall, axis or characteristic compatibility constraint)
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and "inverse" problems (where the upper subsonic boundary shape is pre-
scribed, yielding a wall shape at the lower subsonic boundary) were at-
tempted. In all cases that were run (both of the "direct" and "inverse"
type) oscillations developed in both the pressure and flow deflection
profiles after marching several axial stations which grew in magni tude

and caused the program to terminate. It was felt that a polynomial repres-
sentations for the pressure and flow deflection in the subsonic region
might a11eviaté the instabilities obtained with the finite difference ap-
proach. This polynomial scheme is described in Appendix II. This

method permits the calculation of a mixed subsonic-supersonic flow fields
by a marching technique employing "viscous-characteristics” in the super-
- sonic portion of the flow field and a multi-strip integral technigue for
the subsonic portion. A simple two dimensional test case was run employ-
ing the initial profiles shown in Figure (8), with a wall producing a
rapid expansion imposed as an upper boundary, as sketched in this figure.
A solution was sought that would accelerate the flow producing an all
supersonic flow field downstream of the initial station.

For this test case, the medium was air, and the viscosity was set to zero,
to simplify understanding the elemental physics involved. The flow is,
however, rotational and non-homentropic. The matching point selected on
the initial profile was at a Mach number of 1.03.

The marching scheme, as described in Appendix. II, entails an iteration for
the pressure at the matching point, the correct pressure being the one that
passes the appropriate value of mass flow. Cases 1, 2 and 3 are distinguished
only by the differences in the initial flow deflection (o) profiles. As
indicated by streamwise pressure and Mach number variations at the axis
Figure (9), the flow solutions differed substantially for these cases. In
case (1), the flow accelerated to a local minimum section which was ap-
parently larger than the critical area required to accelerate the flow to

the supersaonic branch, hence the flow decelerated downstream of this station.
In case (2), the flow smoothly accelerated from subsenic to supersonic, while
in case (3) the flow reached a station where local choking occurred. Hence,
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only case (2) could be analyzed by a direct marching‘approach. Case (1) .
cannot be handled by a direct marching technique since the downstream
conditions are not known a priori while case (3) requires the addition

of shock waves to adjust the incoming mass flow. Figure (10) indicates

M, P and o profiles at several axial stations for case (2).

When the polynomial method was applied to the analysis of viscous-combusting
flow fields the following difficulties were encountered:

(1) Both the pressure and flow deflections exhibited oscillations
at the upper and lower bounding subsonic streamlines which
tended to rapidly grow in magnitude. It was found that
these oscillations were strongly a function of the size of the
marching step in the streamwise direction; the larger the
axial step size, the smaller the amplitude of the oscilla-
tion. This is analogous to the numerical difficulties en-
countered in the blunt body problem, but cannot be simply
resolved since both the chemistry and the mixing impose
Timitations on the allowing axial step size.

(2) When one of the bounding streamlines was a wall, it was
found that the flow deflection polynomial 8(y) could not
physically describe a subsonic-supersonic or supersonic to
subsonic transition at this wall. | '

(3) In attempting to run problems of the "direct" type, local
choking consistently occurred causing the program to termi-
nate. ' |

On the basis of the results obtained with both numerical schemes developed
the following conclusions were reached:

(a) A marching scheme employing a finite difference approxi-
mation of the governing equations (Equations4 - 9) of
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all grid points appears to be unstable for both
direct and indirect problems.

(b) A marching scheme employing polynomial expressions
for the pressure and flow deflection yields oscilla-
tions at the bounding streamlines; cannot represent
bounded flow fields with subsonic flow adjacent to
one of the boundaries and yields local choking for
direct problems. B

The numerical scheme described in the following section yields a workable
method for problems of the inverse type, for embedded subsonic regions ad-
jacent to walls.
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V. NUMERICAL PROCEDURE FOR THE ANALYSIS OF EMBEDDED SUBSONIC
REGIONS

A numerical method of the inverse type has been developed for the analysis
of embedded subsonic regions adjacent to walls. A typical flow field is
depicted in Figure (11).

//)-///////////////./////

ijjj)gombustion
f/// Region

Air |
M-1

L F 7

e e e ——

FIGURE 11.
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The flow field contained between Station (1) (initial profile) and Station
(2) is entirely supersonic and hence may be analyzed by "viscous-
characteristics" as described in Reference (2). It should be pointed out
that the "viscous-characteristic" program as described in Reference (2)

was catered to analyzing expanding supersonic nozzle flow fields. In this
current effort, combustion generated compression fields are being analyzed,
hence major changes have been incorporated into the basic "viscous-
characteristic program. These changes include the capability of calculat-
ing the initial mixing region including the determination of an initial
underexpansion shock; carrying shocks as discrete discontinuities in the
flow field; the detection and calculation of envelope shocks produced by
the coalescence of compression waves; and grid spacing logic for analyzing
a mixing region of small transverse extent in a nonuniform supersonic flow
field. These revisions will be described in later sections of this report.

Consider the flow field at Station {2), where the program has first en-
countered a grid point with a Mach number M < 1.01. At this station, the
lower wall (AB) becomes the lower subsonic boundary and a slightly super-
sonic streamline (FG with M~ 1.1 to 1.2) becomes the upper subsonic bound-
ary, as-depicted in Figure (12)

‘ N 14! ol
. —‘l-—h___‘
wer R HE——

. Subsonic —> ¥ A e N Y
Boundary ' i
Sonic Line
fB 7777t¢  Lower Subsonic
' Boundary

FIGURE 12.
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The shape of the upper subsonic bounding streamline (F-G) is specified as
the polynomial.

=A+B'5(-+C—+D-é- ----- | - {10)

where X=X - XF

The first four coefficients in this polynomial are related to the streamline
shape at F as follows: '

A=Y (11a)
- -gl -
B (dx)F tanep (11b)
2 8

e A . (11c)
dx F cos™ 9 F
43 8. * 3tane (BS)2

D= (=5 = 7 (11d)
dx F COSs 9 F

The quantities 0 and 6 g Can be obtained from the y derivatives of flow
quantities at F. Consider the following system of equations; '

Me-1) 0 0 (yPMD) P, \ A

0 1 (M%) 0 P o | ‘

_ - - (12)
sing cos8 0 0 es‘ . Py

0 0 sins 0S8 8, } e‘y

which are modified continuity equation, normal momentum equation and the

geometric relation 3/2y = coss 3/3n + sing 3/6s applied to both P and e.

" The righthand side terms may be evaluated at F since they consist of dif-
ferentiation in the y direction only. (A is related to the mixing and
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chemistry terms as described by Equation (AI-3). A derivation of the
modified continuity equation may be found in Reference 2). Solution of
this system of equations then yields B> PS, 8, and Pn at point F. Ex-
pressions for 6, and P_ are given by Equations {AI-1) and (AI-2) in
Appendix I. Then, . ‘

A - (M2.1) P, |
8, = 5 (13)
vPM
and y
—  omla. )
P = - yPMe A | (14)

Consider 3/3n of the modified continuity equation, 3/3s of the normal mo-
mentum equation and 3/3y by both 8 and B, This yields the following
system of equations:

M-1) 0 0 () [P a
ns
2
1 . 0 (yPM7) 0 8s | b
_ - - (15)
0 c0s8 sing 0 ess c
0 sing 0 coss enn d
where
= PA
a = An - 2MMn PS T {vPM )n en (16a)
b = - (yP), 6 (16b)
‘s s
c=- (o) _ (16c)
Y
d=-(e) | (16d)
y .

This system may be solved for B yielding
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_ 2
B¢ = (-Ancosa+2coseMMnPs+(YPM )ncose(en)
(~yPMZ) cosZe(ME-1)e +(yPME)sine(e_ ) . (17)
s s Sy
cose(en) )/(yPMz[Mzcosze-l})
y ‘

2

{-yPM

Note that /3y of 6. and 6, are obtained numerically by obtaining these
quantities at grid points above and below F, while An is approximated by Ay
consistent with the assumption in the governing equations that for the

transport terms 5/3n ~ 3/3y.

With the upper boundary streamline now specified (if we do not impose higher
order terms), the pressure distribution could be obtained along this stream-
line independent of the subsonic flow field, if there were no viscous effects.
Due to the presence of viscosity, the following {terative procedure is used

to calculate the combined flow fields.

The Tower wall is prescribed by.the polynomial

-2 -3

where a, b and ¢ are prescribed by the relations (1la), (11b) and {llc) pre-
scribed at point A. The term d is the parameter iterated upon in the problem;
if a value of d is assumed, the lower wall AB is specified. The pressure
distribution in the y direction is prescribed by a parabola

P(_Y)= a+by+.cy | (19)

and initially (when first encountering a subsonic zone), the existing pres-
sure distribution must be fit with this parabola to avoid spurious pressure
gradients in the subsonic region due to "wiggles" in the actual pressure
distribution. '

In determining the flow properties at the next axial station, the axial step



TR 169 -  Page 27

ax taken is governed by the allowable stability criterion described in ‘
Appendix III), the supersonic portion of the flow field {points above F')
may be calculated by "viscous-characteristics®. With the flow deflection
known at point F', the pressure is obtained using the compatibility relation

sing

applied along F'K where
- (5inucosy ’
B1 = ( 3 ) (21)
S
B, = 512 - (:1)52 - M mjl - (22)
0q Yrq eq 4 My
1 o7 oy |
B3 = - [T'(EEJ tWI (SE—-ﬁfq 1 (23)
chem j j chem
_sinu h
By = cos{6-y) (24)

Note that the chemistry is uncoupled as explained in Reference (2) and the
term 83 may be evaluated along the flow streamlines prior to the computations
of the fluid mechanical properties.

With the pressure gradient and streamline location known, the velocity, tem-
perature and species mass fraction may be obtained at F' (or any mesh point I)
by using an explicit finite difference formulation of Equations (5), (7) and

(8).

2(Py ~ P;) 25, 08

- = - +
9 T 9 p191te197 pIqI+quf (25)

where Sl is approximated by derivatives in the y direction

2
- 3°q cos8 3q
Sy = vy g+ 9 Sy gy (26)
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2 L
" and the derivatives %%-and geg-are evaluated at the grid point I by the non- -

3y
centered finite difference formulas
it WIS Wl T )
N+1 oy 91 ‘ay Ay qI-lvAy
w T by ¥ &Yy
and | - , AY4 s 8Y, ,
q YIRS q —_— o
QES. i I+1 8y, + &y, - I I-1 8y; &Y,
(- 2) - AY Ay (28)
3y I 1™~z
where Ayl = yI - yI-l.
and Ay2 = Y141 " Y]
The temperature T is determined by the finite difference relation
2 (P7 - P.) 2 S, As .
Tp =T+ (%%) 85 + & > T+ c 1 5 + . 2 > : (29)
where ) ¢ 2
C 3 da.
- “p 3T 1 3T cose e i
(30)

2
+ E(Ym-1)'Mi (%%) 1/1Re (v_-1) Mozo]

A1l first and second derivatives are evaluated as described by Equations (27)
and (28).

The 1% species mass fraction a; is determined by the finite difference rela-
tion
aai 2 33 s
, * oL S +

ChEm
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where
L 32a 3k

- e i, €088 & "1 :
S3-E = UT (— ayz + y Pr ay ]/Re (32)

-

The remaining properties are made as follows. The average molecular weight
is obtained from
o -1
W= [z (m—)] (33)
i .

. R _ :
hence the mixtures gas constant is R = W From the equation of state, the
density is

2
W v M
- _E_ o o

=)

The specific heat (frozen) is expressed by

3h(T) -
Cp=2 Cpi(T) a; = % (o ) | (35)

where Cp (T) 1s a specified function of temperature, thermodynamic data
i
being tabutated from Reference (15)..

The ratio of specific heats is

c

=P
Y£ = TIR/C (36)
P Pe
and the Mach number is given by
Mg -MYmRm % |

The derivative Py at F' is computed from Pn and Ps’ where Pn is evaluated
using the normal momentum equation (Equation 14). 9, at F' is obtained from
the relation

.3
QSFl = cos o; [C+D (xF,—xF)] | (38)
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while PS is evaluated by a backward difference.

The P(y) po]ynomié] at the new axial station A'F' is then obtained employ-
ing a simple iterative procedure. A value for Py'at A' is assumed (for a
first guess, the value at A is used), and the polynomial coefficients a, b
and ¢ are evaluated using PF" PyFI and PYA" This yields the pressure at
A', hence all flow properties can be evaluated using Equations (25) - (37).
Then, the normal momentum equation is used to obtain Pn and combining thi;
with P, an alternate value of Py is obtained at A'. The value of Py ini-~
tially assumed is then perturbed and the process repeatzd until the two values
of Py agree to within a specified tolerance. Then, employing the poly-
nomials at both stations, the pressure gradient is specified for each stream-
line in the subsonic region Equations (25) - (37) then yield flow proper-
ties at all the grid points. This process is repeated for subsequent axial
stations until Station II is reached. Station II is either a specified
number of ax steps from Station I or is the station at which the Mach number
along the upper bounding streamline falls below some prescribed value,

At Station II, the mass flow contained between the upper and lower subsonic
boundaries (GB) is evaluated as follows:

[ II

FIGURE 13.
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Referring to Figure (13), let RS denote the streamiine below FG. Along RS

2 .
8 X=X
’ 3
yg = v + (taneg) (xg=xp) + (—5) (S50 + £ (xg=xp) (39)
cos™e p -
(5} (xekg) *+ § (xeoxg)? (40)
tane_ = tane, + Xe=Xp) * 5 (Xe=X
5 R COS36 S "R 2 V'S 7R
while between G and §:
' 1+ 14
1 Ys Yg :
g = ¥g ¥ E'«quOSB)S+(qu059)G) Ty - (41)

where be = Y and b = ¥g

Equations (39), (40) and (41) may be solved for Yg» 0g and e. This pro-
cess is continued down to the wall {point B of Figure 12) yielding a
value of zg different than the value of Yg obtained using Equation {18).
A value d 1s obtained from Equation (18), which would adjust the lower
wall shape so that yB=yE. The numerical procedure is rgstarted from Sta-
tion I with a new value of d' chosen such that d' = d;d . The iteration
procedure for d appears to be self converging. Note that in repeating -

the calculation of the subsonic flow field ABFG with a new Tower wall shape,

the supersonic portion of the flow is not recalculated. Flow properties
along FG are stored so that the derivatives can be made for evaluating the
shear terms. It is assumed that the slight perturbations in the wall shape
AB occurring in the iteration process do not influence the value of the
terms stored along FG. Having converged on the lower wall shape, a new
upper matching streamiine.is determined .at Station II based on the Mach
number profile. Then, the calculation proceeds from II to III as described
above. This process is repeated until the sonic line closes and the entire
flow field is again calculable by "viscous-characteristics”.
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VI, SHOCK PHENOMENA

Numerical techniques have been developed for analyzing shock discontinuities
occurring in a viscous combusting flow field. The analysis of higher order
shock structure has been discussed extensively in References (16) and (17).
For the problem under consideration, it appears that the modifications te
the Rankine-Hugoniot relations to include the effects of heat conduction,
viscosity and shock structure (which involve the local shock curvature) in-
volve higher order approximations than the inclusion of these terms in the
characteristic relations, hence the shock model employ=ad uses the standard
Rankine~Hugoniot relations, with the chemistry frozen across the shock.

The flow may be nonuniform on both sides of the shock and "viscous~ -
characteristics” are used in performing a shock point calculation, which
takes the transport and chemistry terms into account.

A. Shock Point Calculation - Assume a coordinate system oriented
along (t direction) and normal to the shock surface (n direction) as shown
in Figure (14). The angle beta (g) is the direction cosine of the shock
with respect to the Cartesian direction x, and U and V are the velocity com-
. ponents in the n and t directions,

n=-singi, + coss1y‘ : | (42)

t = cospi, + singi, (43)

Ve-Tned teoul i (44)
un+ v, < y

Y

3>

=-sin f3 fx+cosB§y
l?=cosﬁ fx+ siany_

A

M =-Mnﬁ+Mtt

FIGURE 14.
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The Rankine Hugoniot relations take the form

Continuity: plﬁl = pzﬁz (45}
Normal Momentum: P, + ¥ - P, + ¥ : (46)
' 17 P1Y1 T T2 T P22
Tangential Momentum: Vt = ?t , (47)
, 1 2
_ 1.2 _ _
Energy: H=nh+ ﬁ-V = constant - (48)
where
n
h = £ ashy (T)
State: ' p = p(P, T, a,i) (49)

The ai's are the mass fractions (and remain constant across the shock) and

hi's the enthalpies of the ith chemical species. Employing the jump rela-

tions for a given shock angle and upstream conditions requires an iteration
process since the mixture is calorically imperfect.

Let 1 designate upstream conditions and 2 downstream conditions. To solve
the jump reltations knowing conditions at 1, a value for 32,15 assumed. The
density using Equation (45) Py is computed; P, is computed using Equation
(46) and Equation (48) yields a value for h2 which can be inverted by a
local iteration to find TZ’ since the composition is assumed frozen. The
state Equation (49) then yields an alternate value for the density. If
this value for density does not agree with that calculated from continuity
to within a specified tolerance, a new value of 32 is assumed and this pro-
cess is repeated until convergence is achieved.

Referring to Figure {15), a typical shock wave calculation is performed as
follows. A value of the shock angle Be is assumed, which locates the point
C. Since properties are nonuniform on the upstream side of the shock, a
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viscous characteristic calculation yields properties at C1. The jump re-’
lations (Equations 45 - 49) are solved using the determined upstream con-
ditions based on the assumed angle Be This yie]ds all properties at C2.
Using the deflectionlanQIe ecz calculated from the jump conditions, a
viscous-characteristic calculation performed along (C2-A2) yields an al-
ternate value of the pressure at P, . The pressures are compared and if the
difference exceeds a specified tolerance, a new value of Bc is assumed and
the process repeated until convergence is obtained.

B. Under-Expansion Interaction - The program developed has the
capability of computing the interaction produced by pressure mismatch between
a jet and a surrounding airstream, for the case of an under-expanded jet.
This situation is depicted in Figure {(16). It is assumed that during the
under-expansion interaction, the species remain chemically frozen. The ex-

pansion is assumed to be isentropic and the local interaction is two dimen-
sional and inviscid in the 1imit of vanishing radial distance with respect
to the injector 1ip.

The basic equations describing the Prandtl-Meyer expansion process are

P/oY = constant | (50)
h + %-Vz = constant ' | (51)
%E +Lawd -0 (52)
Lan(p) £de=o | (53)

For a small incremental step aP, Equations (52, (53) and (50) can be
written

2 2 _ 2 Py (P | |
Vo - V= - (9 ), Q)1 . (54)



M > UNDEREXPANSION
SHOCK WAVE
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8 =0"
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FIGURE 16.
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S0 (Py/Py) (65-81) = 0 | " (55)
Po/oy = Pi/e] | | (56)

where y is held constant in the integration step, yielding values for VZ’
Pos and 8- Then Equation (51} yields h2 and an inversion yields T2' In
* this manner, the Prandtl-Meyer equations may be integrated.

Since the flow deflection and pressure downstream of the shock wave and -
Prandtl-Meyer are unknown an iteration process is required. A typical in-_
teraction calculation proceeds as follows. A shock wave angle is assumed
for which flow properties (P,T,e etc.) are computed downstream of the shock
wave. Equations (50} through (53) are solved using small increments of AP
with the pressure behind the shock as the final pressure and the jet pres-
sure as the initial pressure. If the turning angle for the expansion does
not agree with the flow angle behind the shock to within a specified tol-
erance, a new shock wave angle g is assumed and the process repeated until
convergence is obtained. After this solution is obtained, the initial pro-
file is adjusted by spreading the expansion over a small finite region and
the program marches downstream carrying the shock wave as a discontinuity
surface in the flow field.

C. Shock Coalescence - The presence of significant compression

waves generated either by combustion phenomena or physical boundaries as
shown in Figure (17) requires that the entropy rise associated with the
focusing of these waves be included in the calculation. Since the numerical
scheme follows streamlines, not characteristics, a detection technique

based on pressure profiles must be employed, rather than a crossing of waves
of the same family. '

In strictly inviscid computations, detection of coalescence is based on
determining the wave strength associated with the crossing of characteristics
of the same family. However, the introduction of transport phenomena has

the effect of dispersing the wave so as to weaken the usefulness of the above
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H\JZ DUE TO COMBUSTION
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FIGURE 17.

detection criteria. A more practical approach is to locally determine the
shape of the pressure curve once the above crossing has been detected. That
is, a local polynomial of the form

y =a+bp+cpl+dp | (57)

is fit using additional data from neighboring points in the region where cross-
ing is detected. Then, the simultaneous vanishing of dy/dp and d2y/dp?® indi-
cates the presence of a coalesced shock wave. Typical pressure distributions
in the region of strong waves are shown in Figure (18).

The detection procedure is as follows. From data at the initial station the
following equations for waves of the same family are solved for a crossing as
shown in Figure (19).

dy. = tan {62u),; dy = tan {g%y)
* H EAll
dx C, I I dx c, 141 I+1
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| Y=a+bP+cPZ+dp°
?,
B
UP RUNNING SHOCK WAVE
| Y=a+bP +cPZ+dp°
Y

V

P .
DOWN RUNNING SHOCK WAVE

FIGURE 18.
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When a crossing is detected between points I and I+1, a polynomial of the’
form given in Equation (57) is fit using data at points I-1, I, I+l, I+2.

If an inflection point exists for the above polynomial between I and I+l,

it is determined if the magnitude of the siope yi at the inflection point is
less than a specified tolerance. If so, an embedded shock wave is inserted
between points I and I+1. The shock wave angle is assumed to be average of
the characteristic angles,

g = ((eiu)I + (Biu)1+1)/2 : | A (58)

the + sign for an uprunning shock and the - sign for a downrunning shock. The
inserted shock wave replaces the grid points I and I+l. The program allows
for only one embedded shock of a given family, and cannot handle shock cross-
ings or shock-boundary interactions.

INITIAL DATA
PLANE

/C

SHOCK LOCATION IF
— CROSSING EXCEEDS
TEST

I+

REGION PRODUCING WAVES

FIGURE 19.
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VI, SAMPLE CALCULATIONS

Case I: An axiai]y symmetric hydrogen jet is injected into a Mach 2 air

stream as depicted in Figure (20).

e

AIR 250"
Ho —+— §.375"

;
]
j
'
i
!
¢
H
i

RS

|

257"

|

i

2

i)

\\\—‘MACH 2 INJECTOR (NOMINAL)
4 MACH 2 NOZZLE (NOMINAL)

FIGURE 20.

Nominal conditions are

Hydrogen - injection velocity 6850 ft/sec
static temperature 190°K
static pressure 2 atm

—y
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. Air - free stream velocity 4300 ft/sec
static temperature 1255%K
~static pressure 1 atm

The thickness of the injector 1ip and the effect of air side boundary layer
leads to the formation of a base region downstream of the injector 1ip. Due

to the large residence time in this region, combustion is assumed to initiate
here. The pressure mismatch across this finite width region is accounted for
by initiating the calculation a small distance downstream of the injector lip.
as depicted in Figure {21). The flow in the base region is assumed to be in
chemical equilibrium and pfoperties are obtained by assuming a smooth ¢ varia-
tion between the hydrogen and air streams and obtaining the property variations
by mass averaged formulas for the total enthalpy and velocity, with the pres-
sure specified é priori. The program was run a total of 2000 axial stations
(from x = 0 to x = 34). The overall flow field is depicted in Figure (22).
The underexpansion shock is carried as a discrete discontinuity; its inter-
actions with the upper constant pressure boundary (occurring at x = 10) was
performed by a hand calculation. Representative flow streamlines, the iso-
therms T = .5, T = 1.2 and'T = 1.5, and the ¢ =1 line are also depicted in
these figures. The wave field tends to significantly influence properties

in the combustion zone as evidenced by the c¢losing and reopening of the

T = 1.5 isotherm. For example, this isotherm closes when the initial down-
ward Prandtl-Meyer fan reflects off the axis and passes through the combus-
tion zone (in the region 2 < x < 8) and again closes aftef the expansion from
the upper surface crosses (in the region 18 < x-< 24). The variation of pres-
sure, Mach number and mass fraction of hydrogen along the axis is depicted in
Figure (23). A Ferri-Kleinstein eddy viscosity model was used for the flow

in the potential core (defined by ay > .99) the viscosity varying from

107* ]b-sec/ft2 at x = .5 to 2.14 * 107% at x = 10. Downstream of this station,

the value was maintained at 2.14 * 10'4. Flow properties are tabulated at
the following stations: KOUNT = 0O; x = .5

KOUNT = 100; x = 1.297

KOUNT = 500; x = 6,6346

KOUNT = 10003 x = 14,932

KOUNT = 1500; x = 24.97

KOUNT = 1800, x = 30.24
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FIGURE 22a
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CASE 1,
PROGRAM VIS=CHAR
' WITH
------ ' " EMBEDDED SUBSONIC FLOW
N T SHOCK WAVES

AND FINITE RATE H2-AIR CHEMIST R'f_"“;_‘

TYPE OF FLOW TS AXTSYMMETRIC
CHEMISTRY 1S FINITE RATE - &
JET OR™NOZZLE RADTUS  (RTH) "=~ GI3000E-01 FT. 77 77~

REFERENCE "CONDITIONS ~~ " = - === =
MACH NO.(EMINF) "#7° (19000€+01
VELOCITY (UIN) =  ,43089E+04 FT/SEC .
TEMPERATURE  (TIN) "="""",12550E+04 DEGREES K~ === === =
PRESSURE (PRES) =  .21160E+04 LB/FT##2

DENSITY (RHOINF) = ° .54305E6-03 SLUGS/FT#23

FROZEN SPECIFIC HEAT RATIO (GAMINF) =  .13199€+01
MOLECULAR WEIGHT (WINF) =77 (2BBS0E+02 - - o oo
REYNOLDS NUMBER (RE) =  .34450E+05 '

PRANDTL "NUMBER™ (PR) =" "3 T0000E+0Y = ===~

LEWIS NUMBER (XLE) =  +10000E+01

QUTPUT HEADINGS
X = X/RTH : ‘
- YTSY/RTH T
Q - VELOCITY/UIN _ :
T = "TEMPERATURE/TIN ‘ -
P - PRESSURE/PRES _
TH < FLOW DEFLECTION {RADIANS) T
EM - MACH MUMBER ‘ :
GAM = SPECIFIC HEAT , Tt T

XMASS « NON=DIMENSIONAL MASS FiLOW
PHI = EQUIVALENCE RATIQ =~ i mwm—ommmss oo o
W = MOLECULAR WEIGHT

MASS FRACTIONS
TTTTTTTALPULY RTHTTT
ALP(2) - O :
TTTTTTTTTALP (3) = H20 - o
. ALP{4) - H2
ALP(SY =02 T T S
ALP(6) ~ OH _
ALP(7) = N2 e
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KOUNT= 0
X = .50000E+00 -
SHOCK TYPE 3 BETA = .662E+00
VISCOSITY = . .99380E-04 (LB#SEC/FT#u#2)
PT. Y Q T p
] SB0000E+00 W 1537640177 J15150E+007 " c20000E+0T
2 L69400E+00  .15376E+401  L15150E+00  .20000E+01
3 L76200E+00 L 16489E+017 TUI13700E400 o 14200E+401°
4 LB5000E+00  .12124E+01  ,S1400E+00  .14200€+01
5 L92000FE+00 " ".11076E+01 ~ .95000E+00  .14200E+01
6 .99000E+00  .10384E+01  415000E+01  .14200E+01
7 CT0S30E0T 294510E00™ 210006401  .14200E+01 -
8 L11100E+01  .922B3E+00  ,21600E+01  +14200E+01
9 V11800F+01 " .94262E+00°  .19700E+01  .14200E+0)
10 L12500E+01  .93400E+00  .14600E+01  414200£+01
11 ~13200E+01.91937E+00" ~ L10850E+01  .14200E+0]
12 .13900E+01  .91937E+00  .10850E+01  .14200E+01]
I3 S13900E%0T 2 10001E+0F "G 10000E+01 ~ <10000E+01
14 .825006+01  .1000LE+01  .10000E+01  .10000E+01
PT. ALP(1) ALP(2) ALP (3) ALP (4)
I T11000E=09 " %11000E=09 ~ "%11000E-09 = .10000E+01
2 L11000E=09  .11000E-09  .11000E-09  ,10000E+01
~3 L11000E-09 ~.11000E-09 ~ .11000E-09  .10000E+01
4 .11000E-09  .11000E-09  .16300E+00  .34000E+00
-5 ST1000E=09""" J11000E~09 ™ .20800E+00 ~ .18400E+00
6 .11000E=09  +11000E=-09  .23300E+00  ,78000E~01
7 211000E=09"" <11000E~09 "~ .23700€+00 ‘.13000E-0) =
8 <11000E~09  .24000E~02  ,212060E400  .11000E=-09
9 .11000E=-09 "~ +20000E=02 ~ 14500E+00  ,11000E-09
10 .11000E-09  .11000E=09  .52000E-01  ,11000E=-09
T S1T000E=09311000E-09"""511000E-09 - ,11000E-09
12 .11000E~09  .11000E-09  o11000E=-09  .11000E=-09
13 «11000E=05""311000E=09" ~",11000E=-09 ~ ,11000E=~09" -
14 <11000E-09  +11000E-09  o11000E-09  .11000E-09
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TH EM RHO GAM XMASS
e ~519100E+01 — ¢92249E+00 ——,14243E+01 3 25531E+00—
0. .19100€+01 .92249E+00 0e14243E401 «34158E+00
- J10450E+00° © «21S00E+01  72429E+00 .14295E+01  J40608E+00—
«10450E+00 .13200E+01 <4B99TE+00 .13869E+01 «G6916E+400
+10450E+00 .11300E+01 41609E+00 «13414E401 .S0165E+00 -
L10450E+00 .11000E+01 «43052E+00 .12873E+01 .53183£+00
J104S0E+00 °  L11000E+01 - .50402E+00 .12485E+01 «56138BE+00—~
c10450E+00 «11400E+01 S6660E+00 . 12459E+01 «59201E+00
<10450E+00 .12400E+01 LH49SBE+00 L12596E+01 - L,63726E+00- -
.10450F+00 «14600E+01 .93850E+00 .12888E+01 «T0023E+00
. 10450E+00 .16800E+01 .13086E+01 «13151E+01 .79325€+00 -
<10450E+00 .16800E+01 .13086E+01 «13151E+01 «Q06T4E+00
Qe g 19000E 401 .99992E+00 - L 13200E+01 - .90674E+00-——
0 : «19000E+01 «9G992E+00 «13200€+01 «33971E+02
ALP(S) ALP (6) ALP(T) PHI W
~ . 11000E=-09 " o11000E=09 =.55000E=09 =,26620E+12 ~ ,20160E+01-—---
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Case II: An axially symmetric Mach 1.2 hydrogen jet is injected into a .
Mach 3 airstream as depicted in Figure {24). The initial conditions for
this case are tabulated under KOUNT = 0. The pressures of the jet and
airstream are balanced and the effect of the initial airside boundary

layer and base region are analyzed by assuming chemical equilibrium to
prevail in this region as described for Case I. The combustion generates

a mild compression field, the pressure increasing to about 1.25 of the
initial value in a distance of about 2 slot heights. The axial pressdre
distribution for several streamlines is depicted in Figure (25). Note that
initially the pressure is highest in the combustion zone, but when the com-
pression waves generated by combustion reflect off the centerbody, the
pressure becomes highest at the lower boundary. The overall flow field
properties are tabulated. . The flow becomes subsonic at the axial sta-
tion X = 2. Details of the sonic line and streamlines in this region are
depicted in Figure .(26).. Note that the combustion zone is in the vicinity
y = 6, hence the streamlines are closer together in this region so that

the mixing can be accurately calculated. '

In the region 2 < X < 2 - 2, the upper subsonic streamline (¢ = .591) is
specified by the coefficients A thru D specifie¢ by the values of y, &, 0

and Ocg at the station KOUNT = 365, while downstream of X = 2.2 a higher

order term is added to turn this streamline down and hence re-accelerate the
flow. The Ferri-Kleinstein viscosity model is also employed for this case,

the viscosity varying from .6643 * 107 1b.sec/ft2 at X = 0 to .8252 « 1073

at X = 2.4, The flow field properties are tabulated at the following stations:

KOUNT = 0, =20
= 100; = 731
= . 200; = 1.32
= 300, = 1.77
=  365; = 1.96
= 370; = 2.03
= 375; = 2.09
= 385, = 2.20
= 390; = 2.25
= 390; = 2.30
= 400, = 2,35
= 405; = 2.4
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The flow field is calculated by "viscous—characterisfics” from station
KOUNT = 0 to KOUNT = 365, while the subsonic routine is used to calculate
the flow between KOUNT = 365 and 405, below streamline 11, The flow down-
stream of KOUNT = 405, is calculable by "viscous-characteristics" provided
that the lower wall continues slope downward, hence, accelerating the flow .
Note that the sonic line does not reach the wall since at station KOUNT=363,
the wall is turned down hence accelerating the streamtubes in the vicinity
of the wall. The wall pressure {as depicted in Figure 25) in the subsonic
region continuously decreases as the wall turns down, consistent with the
flow being supersonic adjacent to the wall. Hence, the neccesity of pro-
viding a variable pressure in the subsonic region, employing the normai
momentum equation is quite evident. A constant pressure scheme certainly
would not provide the details of the flow field as obtained in this analysis.
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VIIL. CONCLUSIONS

The 'Viscous-characteristics" method for the analysis of supersonic viscous
combusting flow fields has been extended to analyze local embedded subsonic
regions as well as to analyze shocks produced by combustion and/or pressure
mismatch between the injected gas and air stream. The numerical technique
developed for analyzing subsonic zones requires that the subsonic region be
bounded by a Tower wall and an upper boundary that is slightly supersonic.
The shape of the upper boundary is fixed by the flow conditions by requir-
ing that ¥48,8 and B be continuous, but higher crder terms may be speci-
fied to shape the streamline arbitrarily. The shape of the lower wall is

a function of the upper wall shape specified. The program developed can

be used in its current form to design centerbody shapes for a specified
streamline shape in the combustion zone. HNote that the program can be
modified to make the upper boundary a specified pressure boundary and hence
a lower wall shape can be obtained fora specified pressure distribution in
the combustion zone. The program can also be extended to analyze embedded
subsonic zones surrounded by supersonic flow on both sides provided that the
7:f1ow can be assumed inviscid on one side. Referring to Figure (7), where
”the flow beneath the embedded region is inviscid, a marching scheme can be
developed wherein the flow in the subsonic zone and above is analyzed by

a mixing type grid, while C_ characteristics are followed in the inviscid
region. It is felt that these program modifications would be realistic
extensions of the current effort and should be considered in plans for
future research in this area. The extension of this program to embedded
zones with viscous supersonic regions on both sides appears to require a
more significant effort.

While the "viscous-characteristic" program developed for supersonic flow
fields can be readily run by one with only a 1imited background in gas-
dynamics, it is felt that the subsonic version be run by an analyst who is
thoroughly familiar with the physics of the problem as well as the details
of the analysis included in this report.



TR 169

Referring to Figure (I-1), all properties are known at the initial station I
and hence all derivatives 3/0y may be calculated at the mesh points 1, 3, 3
getc. The derivatives Py and e-y are related to the streamwise derivatives Ps

APPENDIX

Page Al-1

I

MARCHING SCHEME - FINITE DIFFERENCE METHOD

B
T C-Char
Supersonic “Upper Matching S.L.
Region ze’/
i
" Subsonic e M=l
Region A —
l 3 ’__'_’_,_—-—“—"’4
5 b0
7 }———18
9 b——""7110 <—— Lower Boundary
.'//
-7 Gy Char.
A
FIGURE I-1. -

and B by the relations

cosze [A] YPMZCOSZG ey

- 5ing

Py :

Pg = Weos?

cos 8 -1

(A1-1)
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singcose {A] - (M2—1) C0S9 Py - sins{PMzey

8 = . - (AI-2)
S yPMZ(Mzcosze - 1)
where - S,
_ 2 gsing . o1 DS,y 7Y
A= PM y + 7 - qu - BE I a___
YPM 1 (AI_S)
(Ym"l)MEYPq Pq T
Assuming a value of 0 (or prescribing this value as a function of x in
the inverse problem), 2a11 properties at 2 may be obtained by the boundary
characteristic relation along 2-B and the s-momentum, energy and species
diffusion equations applied along the streamline 1-2.
Knowing P, and 8_ , we may obtain P_ and &_ by inverting Equations (1)
25 S2 Y2 Y2
and {2}.
Combining the stomentum, energy and species continuity equation, the rela-
tion
2 2. _
(M=-1) Ps + vPM 8, = [A] _ (AI-4)
is obtained, while the normal momentum equation is written
P + yPMze = 0 - | (A1-5)
n S
Between points (2) and(4) -
P, =, + [P, b ] 24 (AI-6)
= + et -
g =Pyt I v, Ty, T2
AYa4
6y = 6, t [ey4+ay2} 5 (A1-7)
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Between points (3) and (4)

. - AS4y
Py = P3 * [Ps +Ps ] =
3 4
AS
34
8 _o , [o 46 ] ——

The system of Equations (4) to (9) (with Equations 4 and 5 applied at point

(4)) along with the transformations

3 ) 3

—— = — i wm—

%S coss X sing 2y
and

. 3 eiin D

T cosH 5y sing o

can be combined to yield the relations

2(64-63)

22 2 2 2 2
* - - -
P4 iy Y4M4(M4cos 8y 1) 74M4 53(M4cos 8 1)
. . | | 2 |
Yy 4(94“92)5‘“3¢ ‘ _ 2(M4-1)cose4
Vo4 g Y24

| 2(M§~1)P.2cose4

2
Ay24 q

- (M

-1) Pyzcose4 - sinB, cosé,[A] = 0

and 2

Y4

2 2 2
P4 * ( 2(M4cos 94-1) + - Y4M4cose4 y

. Zsme4 _ 2P 2st1'na4
53

3 2 7
+ —) (M7cos79,-1) - —Fmml
Ay24 ASZB_ 4 4 Ay24

. 2.
- Pyzsme4 - [A] cos 84 = Q

2

(AI-8)

(AI-9)

(AI-10}

(AI-11})
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Equations (AI-10) and {AI-11) both are of the form
Pef(a M) + g(e,M,[A]) = 0 - : (AI-12)

An iterative procedure for the solution of the above system proceeds as
follows:

(a) A value for P, is assumed (i.e., P4 = P3—+ P53 ¢534).

(b) Application of the S-momentum, energy and species equa-
4

{c) Equation (AI-10) - 8, by an iterative procedure.
*

(d) Equation (AI-11) - P4 which is compared to the value of
P4 assumed.

*
If 1P4—P4[ > L, where £ is some specified tolerance, a new value of P4 is
assumed and steps (b), (c) and (d) are repeated until convergence is obtained.

The calculation y points 6, 8 and 10 are performed in an analogous fashion, until
the lower boundary 9-10 is reached. In the direct problem 9-10 may be a wall,
axis or lower matching streamline (in which case a P-6 vrelation exists along
the C, characteristic 10-A), while in the inverse problem 9-10 must be a wall.
The direct problem requires that the deflection angle 919 obtained by the sub-
sonic solution match the wall angle 8”10’ = 0 if 9-10 is an axis, or satisfy
the compatibility relation along A-10. If it does not, the value of 85, must
be iterated upon and the entire system solved repeatediy until the value of 852
that satisfies the lower boundary conditions is obtained. In the inverse
probiem, the value of 919 determined by the subsonic solution yields the shape
~ of the lower boundary and no iteration is required.
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APPENDIX II
MARCHING SCHEME - POLYNOMIAL METHOD

In the subsonic region, the pressure distribution and flow inclination are
expressed by the following power series in y:

20 7 | (ATI-1)

P(xsy) = Polx) + P (x) ¥ + Pylx) ¥

0(x.y) = 8y(x) + 8,(x) § + 0,(x) §° | (A1)
Referring to Figure (1I-1), the subsonic region is bounded by the two stream-

Tines chland 0262 atong which the Mach number has low supersonic values.

The subsonic region is matched to the supersonic regions employing the

viscous characteristic compatibility relations along the characteristics

862 and ACl. The analysis developed also considers the possibility that the

subsonic region extends to an axis or Tower wall,

The derfvatives PS and o at points'D1 and D2 are calculated employing Equa-
tions (AI-1) and (AI-2). The following procedure is used to calculate the
subsonic region.

Step 1. A value for P is assumed {or prescribed for inverse
problem). 1

Step 2. P. s Py +-§-(PS +P. ) ss.
1 1 B €
Step 3. The compatibility relation applied along the C+ character-
istic AC, yields s, .
1 Cq
2
= = (8. -0 ) - 8
sCl 4as C1 Dl 5

Step 4. @ .
Dy

*y=y- Y where L denotes the lower subsonic boundary. If the lower bound-
ary is an axis of symmetry, yL=O and the polynomials take the form
_ 2 4 _ 3



o}
M>| %
SONIC LINE
M<«l
M>i
_,be I
-

FIGURE II-I
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Note, that if the lower subsonic boundary is a wall or axis, the flow de- .
fiection Bcl is known and no compatibility relation is required.

Step 5. With the pressure gradient and streamline location
known, the velocity, temperature and species mass
fraction may be obtained at €, (or any mesh point I)
by using the explicit finite difference formulation
of Equations {(5), (7) and (8).

Step 6. Knowing P, and e _ at point Cy, Equations {AI-1) and AI-2)
may be inverted to yield (P,) and (8,) .
7oy -

Step 7. Since the e(y) polynomial contains threg unknowns , and
two boundary conditions are already known at C, (6 and ay)’
only one value of & at the upper boundary C2 will be con-
sistent with both the 8 polynomial and the modified con-
tinuity equation** A local iteration to find this value

of & proceeds as follows:

Step 7a. A value of ®c is assumed.

2
Step 7b. The coefficients 0gs 0y and ez'at Yo.» 970 and
1 1
5=0 and at y. , 6=8. . The ¢ polynomial is then
y C C :
c, 2 2
B,y =0+ 0, +6) 5
(y) 7o 172
Step 7c. 8, = f% (eE -6 ) - o -
C2 2 2 02
ok 2 2 -
(M™-1) PS + yPM en = A (AII-3)

where A is described by Equation (AI-3).



TR 169

Step 8.

Step 9.

Step 10.

Step

Step

Step

Step

Step

Step

7d.

7e.

7f.

79.

7h,

71.

Page All-4

The compatibility relation along characteristic
BC2 yields PC . ‘

2
2
p = = (P. ~P, ) -P .
5 as Y C, D 5
02 2 72 D2
Using the modified continuity equation
A - (MP-1) P
- S
"ne TR
¢PY
2 C2
Since - = cosé —— + sing —= 8y. = COS8
3y on 35 C2 C2
9 + sing. 8
n €, ’s
C2 ? C2
But using the polynomial e(y)
* . - 2 -
eyc - 91 + 92.)’
2
The values of @ and 8  must be identical
e, YCy

to within a specified tolerance. If they do
not agree, a new value of 6¢, is assumed and
Steps {7b) - (7h) are repeated. Convergence is
obtained by use of a linear error extrapolation
procedure. '

properties are computed at CZ'

is computed using the normal momentum equation

P

is computed P

= - (YPMZ}C BS .
2 C2

= COSBC

2

Pn + 5inge PS

Ie, 2 "¢, 2 °C,
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Step 11. The coefficients of the pressure polynomial P(y) between

¢, and 62 can now be evaluated using the conditions

1

at ycl, P=P gnd p =P

y¥
1 Cq

t , P=P. and P =P
e, e, My Ye,

2 3

yielding Py =Py + PJ + Po¥° + PayT.

Step 12. The interior mesh points I between Cl and C2 are evaluated
as follows.

Step 12a. A value of ¥y is assumed.

Step 12b. Using the polynomial P(y) and B(y)’ PT and 8y

are obtained.

Step 12c. Flow properties are obtained using the stream-
Tine relations.

Step 12d. The mass flow at I is evaluated by
T ¥ * [{pq COS@)T_I + (Dq~C056)T]

1+j +j
(YT . y%_%)
I+]

Step 12e. Since ITI is a streamline, V1 should equal Vg
1f it does net agree to within a specified

tolerance, a new value of ¥i is assumed and the
process is iterated until convergence.
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Step 13. The overall mass flow between C,C, is compared to that
© between DlDz‘ If the mass flow is not correct the en-
tire process {Steps (1) - (13)) must then be repeated
with a new value of PSC for the direct problem.
1 .
Generally, convergence was obtained with under five iterations, exceptl when
the subsonic flow field is close to sonic in a mass averaged sense. This
situation occurs in the vicinity of the supersonic to subsonic transition
and again in the vicinity of the subsonic to supersonic transition. In
these critical regions, the error curve may yield two colutions (supersonic
and subsonic branch) in which case knowledge of downstream conditions indicates
which branch is physically correct. For arbitrary initial conditions, the
flow does not necessarily undergo a smooth super to subsonic transition and
the matching Mach number tends to be an important factor in effecting this
transition. The transition from sub to supersonic flow (i.e., closing the
sonic 1ine) poses an even greater problem.

In this region, the flow may choke, indicating that a shock is required in
the initial super to sub transition to allow the mass flow to pass. If
the subsonic region is bounded by a wall on one side, when choking occurs,
the wall may be opened to allow passage of the correct mass flow. If the
subsonic region is embedded in the flow field, then the wall would have to
be modified upstream of the choked station to allow passage of the proper
mass flow. In the inverse case, one of the subsonic boundaries would have
to be a wall and PS prescribed at one boundary would yield the wall shape
at the other boundary.
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APPENDIX TIT

STEP SIZE AND GRID SPACING CRITERION

A. Step Size Criterion - Limitations on the marching step ax result
from characteristic criterion, parabolic stability criterion associated with
an explicit difference scheme and criterion associated with the solution of
the finite rate chemistry. The criterion associated with characteristics is
the Courant-Friedrichs-Lewy condition which states that "the numerical domain
of dependence of a difference scheme should include the domain of dependence
of the differential equation or else, convergence is not always possible" (Re-
ference 9). This criterion is numerically satisfied by intersecting all free
running characteristics emanating from grid points of the supersonic portions
of the initial profile and obtaining the intersection yielding the minimum
forward marching step aAx as shown in Figure (III-1),

char

The stability criterion associated with an explicit parabolic marching scheme
has been discussed extensively in the literature (Reference 10), based upon
equations with constant coefficients. The solution of the s-momentum, energy
and species diffusion equation are all solved by an explicit scheme using the
arid depicted in Figure (I1I-2) where the spacing Ay between grid points is
not necessarily uniform. Linearized stability criterion imposes the condition:

Zu_Le AX

< 1 (AIII-1)
pq Pr Re Ay’

Then the parabolic step size is determined by applying Equation (AIIl-1) at each
grid point I and selecting the minimum BXyig° The Ay employed in the equation
is the average Ay of the interval I-1 to I+1; 1.e., ayy = %} (ﬂyl+ay2). Then
Pr Re 9
AX . = m—r—— [p; Q. AY"] (A111-2)
vis 2 Le p "1l min _

1t should be noted that the hyperbelic (characteristic) stability criterion is
determined with the diffusive terms neglected and the parabolic {diffusive)

stability limit is determined with the convective terms neglected, It had
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been thought that the smaller of these two step sizes should be taken as the
stability limit of the system as noted in Reference (2), but it was also
pointed out in this reference that use of this criterion still led to in-
stabilities in some cases. A superposition of the diffusive and convective
terms may yield more restrictive stability limits than choosing the smaller

of the step sizes. As pointed out by Cheng in Reference (11), the appropriate
combined "hyperbolic-parabolic” criterion is

1
1 4 .1

LX, ax,

char vis

AX g_%

The finite rate hydrogen-air chemistry employed in this analysis is described
in References (12} and (13) and uses a fixed time interval At = 4.”'10'7 seconds.
Hence, the chemical step size 1is '
*
q;*u,

AX = At
chem rjet

Since the chemistry is uncoupled based on the pﬁocedure developed in Reference
(14) and described for viscous-characteristics in Reference (2), several chem-
ical steps may be taken in one overall marching step. The number of chemical
steps to be allowed in a marching step is left as a user option and is depend-
ent on the grid spacing in the transverse direction (Ay spacing). Note that
when mixing is initiated, a very small grid spacing ay is required, hence the
overall marching step may be significantly smaller than a chemical step, while
far downstream, when the Ay is substantially larger, the chemistry criterion
may dominate the overall step size. '

B. Grid Spacing in The Transverse Direction - The program developed

can analyze a wide variety of flow situations. The lower boundary may be a
wall or an axis, while the upper boundary may be a wall or constant pressure
surface. The initial profile may be entirely nonuniform, in which case all
grid points must be input initially or may have: (a) uniform jet, uniform
air {b) uniform jet, nonuniform air (c) nonuniform jet, uniform air. In each
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of these cases, the jet-air pressure may be balanced or unbalanced. If the
pressure is unbalanced, the jet underexpansion interaction is calculated.

For flow with an axis or straight centerbody, only the jet properties, an
initial ay based on mixing considerations, and the maximum number of points

on the jet side have to be input for a uniform jet (cases a or b). As mixing
progresses, the program adds points at ay on the jet side, until the maximum
number of jet points is obtained at which point ay is doubled, and alternate
points on the jet side are dropped. This process is continued until the wall
or axis is reached. Similarly, if the airstream is uniform (case a or ¢) and
the upper boundary is suchk that it sends no waves into the flow fieid, the
same procedure applies on the air side. For the unbalanced pressure case, jet
points are added below the Prandtl-Meyer region and the free stream side of
the shock serves as the upper boundary if the air is uniform. As the distance
between the underexpansion shock and the mixing zone increases, mesh points
are automatically added in this region.
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APPENDIX IV
VISCOSITY MGDEL

Page AIV-1

The turbulent eddy viscosity model referred to as the “Ferri-Kleinstein" mode]
is described in References (18) and (19). This model has been incorporated as

a subroutine in the developed program and assumes an eddy viscosity variation in

the axial direction only. Incorporation of a different model employing only an

axial variation simply involves changing the viscosity subroutine while incorpora-

tion of a model employing both an axial and radial variation can be easily ac~

complished by minor program modifications.

Defining x* as the length of the potential core,

w o =Ky X Re ((pu)max B (pu)min) t Ky
for x < xf
and
o= K r, Re ( (pu)Max - (pu)min) + Kg
for x > x*
where 1, is the radial distance to the point in the jet where pu = —12--((pu)max +
(o) o)

For a uniform jet and external stream the term (pu)

nax - is replaced by

(AIV-1)

(AIV-2)

the appropriate jet and external stream properties, as depicted in Figure (IV-1).

For an underexpanded jet, the viscosity is computed on the basis of the region

below the bounding shock. Due to burning the difference between &pu)jet and (pu) £,

may be less than that {n the combustion zone in which case the max difference 1is
obtained as depicted in Figure (IV-2), The coefficients Kl’ KZ’ K3 and K4fand the

potential core length X* are input items in the program.
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